We propose a test for invertibility or fundamentalness of structural vector autoregressive moving average models generated by non-Gaussian independent shocks. We prove that in these models the Wold innovations are serially dependent if and only if the structural shocks are non-fundamental. This simple but powerful characterization suggests an empirical strategy to assess invertibility. We propose a test based on a generalized spectral density to check for serial independence in the Wold innovations. This approach does not require to specify and estimate the economic agentís information áows or to identify and estimate the non-invertible roots. Moreover, the proposed test statistic uses all lags in the sample and it has a convenient asymptotic N (0; 1) distribution under the null hypothesis of invertibility, and hence, it is straightforward to implement. In case of rejection, the test can be further used to check if a given set of additional variables provides su¢cient informational content to restore invertibility. A Monte Carlo study is conducted to examine the Önite-sample performance of our test. Finally, the proposed test is applied to the identiÖcation of government spending shocks. As an empirical illustration, we Önd that augmenting excess returns series of large military companies may solve the non-fundamentalness problem in a trivariate Öscal VAR.
Introduction
A Moving Average (MA) process is invertible or fundamental when the underlying shocks driving the process can be recovered from linear combinations of present and past values of the process. 1 The well-known identiÖcation problems of Gaussian non-invertible MA have prompted the econometrics and macroeconomics literatures to systematically impose invertibility or fundamentalness in general MA representations without reservation, as the mean to identify economic shocks and their dynamic impact in structural vector autoregression (VAR) models. We show in this paper that this modeling strategy has no formal justiÖcation, as fundamental and non-fundamental MA representations generally lead to di §erent joint distributions in the observable time series for all but for the Gaussian case. 2 Moreover, we prove that within this setting Wold innovations contain all the relevant information to empirically discriminate between fundamental and non-fundamental representations. Our main result is that a vector MA process (VMA) with independent non-Gaussian innovations is non-fundamental (non-invertible) if and only if the associated Wold innovations are serially dependent, provided a mild regularity continuity condition is satisÖed. This characterization suggests a simple empirical strategy to test for fundamentalness by testing for serial independence in Wold innovations. We propose a test based on a generalized spectral density that has good power properties in Önite samples, while being straightforward to implement. The main motivation for our work is the substantial theoretical and empirical evidence on economic models leading to non-fundamental representations. Sargent (1980, 1991) discussed situations where non-fundamentalness arises in rational expectation models. In a comment to Blanchard and Quah (1989) , Lippi and Reichlin (1993) provided a simple bivariate example where learning-by-doing dynamics in productivity yields non-invertible representations. In their response to the comment, Blanchard and Quah (1993) provided further examples of noninvertibility in the context of the permanent income Friedman-Muth model and cointegrated models. Lippi and Reichlin (1994) analyzed the problem more generally, and discussed further empirical examples. Empirical evidence of non-invertibility in univariate models can be found in Huang and Pawitan (2000) for U.S. unemployment and in Ramsey and Montenegro (1992) for prime rates and expenditures for new plant and equipment. In an important paper, Fern·ndez-Villaverde, Rubio-RamÌrez, Sargent and Watson (2007) provided a simple characterization of fundamentalness in a state-space framework. More recent evidence of non-fundamental representations can be found in models with heterogenous information, see, e.g., Rondina (2008) , in models with technology shock anticipation, see, e.g., Blanchard et al. (2009) , or in models of Öscal foresight, see, for instance, Leeper (1989) , Yang (2005) and Leeper, Walker and Yang (2011) . For a comprehensive survey of this literature and further empirical evidence, see Alessi, Barigozzi and Capasso (2011) .
Despite the compelling empirical and theoretical evidence pointing out to non-fundamental representations in economic models, and the signiÖcant implications for empirical work and policy analysis, little is known about how to empirically assess the lack of invertibility. The only proposal that we are aware of is that of Forni and Gambetti (2011) . These authors relate lack of invertibility with informational su¢ciency, and propose a method to check for invertibility based on the Granger causality of certain estimated factors. Their method crucially relies on the estimation of the economic agentís information áows through a set of factors, which may not have clear economic interpretation. In addition, some of their conditions require large dimensional VAR models, which are subject to the ìcurse of dimensionalityî problem. Our proposal does not require to specify and estimate the underlying informational structure, it can be applied to small-to-medium-sized VARs and it is based on simple primitives of the model, namely, the Wold innovations. Note that these innovations can be easily estimated for both, invertible and non-invertible processes.
Our approach is simple because it follows the traditional modeling strategy of imposing invertibility. Hence, under the null of invertibility standard inference applies. Under the alternative hypothesis of lack of invertibility, we face the situation where the econometrician Öts an invertible model to a non-invertible one, and we base our test on the serial dependence of the resulting Wold innovations. Considering the null of invertibility avoids to deal with the di¢cult problems of identiÖcation and estimation of non-invertible roots, for which solutions are not yet available. It is known that if the true model is non-invertible, imposing invertibility has potentials to mislead structural VAR-based inferences in several aspects. Econometricians may fail to correctly identify economic shocks with interpretations of ìinformation carriersî or ìnewsî, observed by private agents. Moreover, the subsequent policy analysis is likely to be incorrect as the resulting impulse-response functions may become unreliable. For instance, Leeper et al. (2011) provide compelling empirical evidence on the misleading inferences from Ötting invertible MA representations to non-invertible MA processes in the context of Öscal foresight.
The aforementioned literature has suggested two di §erent empirical strategies to deal with lack of invertibility. First, estimate directly a fully speciÖed structural model. However, inferences within this strategy are quite sensitive to the correct speciÖcation of the model (e.g. information áowsí dynamics; see e.g. Schmitt-GrohÈ and Uribe (2008, 2010) for sensitivity to di §erent speciÖcations). A second and more popular strategy within the foresight literature consists in expanding the econometricianís information set, so as to restore invertibility; see e.g. Leeper et al. (2011) and Ramey (2011) . Not only our test can be used to empirically identify the invertibility problem, but it can be also applied to check if a proposed solution solves it, i.e. whether or not adding variables restores invertibility. For instance, in our empirical application we Önd that augmenting a trivariate Öscal VAR with excess returns series of large military companies may solve the non-fundamentalness problem of the original Öscal model.
As a by-product of our analysis, we clarify important issues regarding identiÖcation in nonfundamental representations. Partly explained by the negative result in the Gaussian case, it is generally believed that parameters and shocks in non-fundamental representations are not identiÖed. However, there is some work in the statistical literature proving that non-invertible univariate autoregressive moving average (ARMA) models are identiÖed for all but for the Gaussian case. See the general result in Cheng (1992) . For estimation and other identiÖcation results see Breidt and Davis (1992) , Lii and Rosenblatt (1996) , Andrews, Davis and Breidt (2007), Rosenblatt (2000) and references therein. For an earlier reference in econometrics, see Ramsey and Montenegro (1992) . Despite the important e §orts made to obtain similar results in the multivariate case, this still remains an open unresolved problem; see Chan, Ho and Tong (2006). Our results can be seen as a Örst step towards solving the identiÖcation problem, as we show that invertible and non-invertible representations are not observationally equivalent in the multivariate non-Gaussian case.
Summarizing, in this paper we propose a simple test for the hypothesis of invertibility of nonGaussian Vector ARMA models (VARMA). We prove that in these models, Wold innovations are serially dependent if and only if the model is non-invertible. 3 We propose a test for serial independence of the Wold innovations building on the generalized spectrum approach of Hong (1999) and Hong and Lee (2003) , that accounts for all lags in the sample and has a simple standard normal distribution under the null of invertibility. Note that since our null is that of invertibility, our approach avoids potential problems of identiÖcation of standard (linear) estimation methods and the need to account for all possible conÖgurations of the non-invertible roots. Hence, our test uses standard inference results and is easy to implement. The rest of the paper is organized as follows: Section 2 provides a formal statement of the testing problem, the characterization of invertibility, as well as some motivational examples. Section 3 introduces formally the test statistic based on the generalized spectrum and Section 4 investigates its asymptotic properties. Section 5 examines the Önite-sample performance of the test through some Monte Carlo simulation experiments and an empirical application to the identiÖcation of government spending shocks. Section 6 concludes. An Appendix contains the proofs of the main results.
Characterization of fundamental representations
Let fx t g t2Z be a d-dimensional stationary solution of the causal VARMA model of order (p; q) (VARMA(p; q)), satisfying the di §erence equations:
where f" t g is an independent and identically distributed (iid) non-Gaussian shock with zero mean and variance-covariance matrix , which is assumed to be positive deÖnite, and where
are the autoregressive and moving average polynomials, respectively. Henceforth, I d is the d  d identity matrix,  p 6 = 0 and  q 6 = 0 and L is the lag operator, i.e., Lx t = x t1 : We assume throughout that det (z) 6 = 0 for all z 2 C such that jzj  1; and that the equation det (z) = 0 has no roots on the unit circle of the complex plane (i.e., det (z) 6 = 0 for all z 2 C such that jzj = 1): 4 Henceforth, we assume that the structural VARMA model (2.1) is correctly speciÖed.
The VARMA process fx t g is said to be invertible if all the roots of the equation det (z) = 0 lie outside the unit circle in the complex plane, i.e., det (z) 6 = 0 for all z 2 C such that jzj  1 (see Brockwell and Davis, 1991) . If the equation det (z) = 0 has a root inside the unit circle, we say the process fx t g is non-invertible. We assume that fx t g is deÖned on the probability space (; F; P ) and let L 2  L 2 (; F; P ) denote the Hilbert space of all real-valued measurable squareintegrable functions on (; F; P ): For a generic vector process fz t g; deÖne H z t = spanfz s : s  tg as the closed linear span of fz s : s  tg: We say that f" t g is x t -fundamental if
Within our setting, fx t g is invertible if and only if f" t g is x t -fundamental (see Rozanov, 1967) : It is known that when f" t g is Gaussian, fundamental and non-fundamental representations are observationally equivalent and therefore cannot be discriminated based on data. It is, however, less known that, when f" t g is non-Gaussian and univariate, fundamental and nonfundamental representations generally lead to di §erent joint distributions of observables, see Breidt and Davis (1992) and Rosenblatt (2000) . Unfortunately, even in the univariate case, it is not known how to empirically discriminate these two observationally di §erent situations. This paper extends previous results to the multivariate case and proposes a test for empirically assessing this di §erence, thereby leading to a simple test of x t -non-fundamentalness of f" t g; or equivalently, non-invertibility of fx t g. The following classical example is useful to illustrate the main ideas.
Example 1 (Hansen and Sargent, 1991) : Suppose that an economic variable fz t g follows a univariate, non-Gaussian MA process of order one, or MA(1), given as in (2.2) below, but the econometrician only observes a set of data fx t g, which contains the sum of discounted streams for current and expected future values of fz t g:
2)
It follows that the MA model (2.3) is non-invertible if and only if the root of the MA polynomial c(z) := (1 + ) + z is inside the unit circle, i.e., j(1 + )=j < 1, which can be satisÖed even when the model (2.2) is invertible (e.g.,  = 0:8,
This simple example shows that dynamic linear econometric models with rational expectations are not immune to the non-invertibility or non-fundamentalness problem, which arises under circumstances when the econometriciansí linear information set is smaller than the agentsí information set, that is, H x t  H z t . 5 The following example illustrates that the problem of lack of invertibility can be generic in settings of news or foresight. 
where fx t g measures log deviations of capital stock from the steady state, j 1 j < 1; jj < 1;  2 R; and f" t g is an iid sequence of tax shocks. The fact that more recent tax news are discounted heavier than older news makes the model in (2.4) a non-invertible one.  Despite the evidence provided by Sargent (1980, 1991) , Lippi and Reichlin (1993), Leeper et al. (2011) , and many others, the standard practice in empirical work is to rule out non-invertibility by restricting the parameter space to the invertible region. Imposing invertibility into a non-invertible model leads to misspeciÖcation and misleading inferences.
Examples 1 and 2 (continued): Without loss of generality, take  1 = 0 in Example 2, and consider parameter values for Example 1 leading to non-invertibility. Hence, in both situations the less informed econometrician incorrectly imposes invertibility and estimates the model
(2.5) 5 Note that the econometrician information set F x t := (x t ; x t1 ; :::) is di §erent from H x t : To emphasize this crucial di §erence we refer to the latter as the linear information set. with jj < 1: In the context of Example 1, and similarly for Example 2, it is straightforward to prove that  = (1 + )= and
is a white noise (i.e. uncorrelated) process. Moreover, fu t g is the Wold innovation of fx t g; i.e.,
where, henceforth, L [x t j H
x t ] denotes the optimal linear predictor of fx t g given its past. Rosenblatt (2000) has shown that the optimal predictor E [x t j F 
The Öndings of the basic MA(1) model in Example 1 and Example 2 are extended to the general case of causal univariate ARMA models in Breidt and Davis (1992) . Using time-reversibility arguments, these authors prove that the (Wold) innovations from Ötting an invertible causal ARMA model to a non-invertible one are dependent if and only if the error is non-Gaussian. The key tool for proving this result is the characterization of reversibility of ARMA models driven by non-Gaussian innovations. Unfortunately, such characterization is not available in the multivariate case, see Chan et al. (2006) for some negative results. We use here an alternative method of proof based on the properties of Blaschke matrices, see Rozanov (1967) and Lippi and Reichlin (1994) . A Blaschke matrix is deÖned as a polynomial
) has a power series expansion with square summable coe¢cients and det (z)A(z 1 ) 6 = 0 for all z 2 C such that jzj  1. See Lippi and Reichlin (1994) for further details. Blaschke matrices have been used to characterize the mapping between the shocks f" t g and the Wold innovations fu t g: These mappings correspond to the multivariate extensions of (2.6) in the simple MA(1) univariate case. Suppose the true process is a non-invertible VARMA process (2.1), but we incorrectly Öt an invertible VARMA. Rather than focusing on the implications on inferences and interpretation of parameters we are interested in the (asymptotic) dependence properties of the resulting residuals. Using Theorem 2 in Lippi and Reichlin (1994), one can show that the resulting process has a representation given by
where fu t g are the Wold innovations and e
It is also known that Wold innovations are related to the original innovations f" t g through the equation
which can be considered an extension of (2.6). It follows from the properties of Blaschke matrices that
Consider the following mild assumption.
Assumption A.1: Assume that fu t g has a continuous distribution and V ar(" t1 ) > 0; where f" t1 g is the Örst component of f" t g:
We now extend the characterization of Breidt and Davis (1992) from the univariate case to the multivariate setting of this paper. Its proof can be found in the Appendix. 3 Generalized spectrum based tests
A nonparametric test
We aim to test the null hypothesis of invertibility
against the alternative given by negation of H 0 ; say H A : Based upon Theorem 1, we propose to check for the condition
versus the alternative that for all  2   R s ; fu t ()g is not iid; where fu t ()g is the Wold innovation obtained from Ötting an invertible VARMA representation (2.7) and  0 = vec( 1 ; :::;  p ;  1 ; :::;  q ; ). Serial dependence is often assessed by the autocorrelation function and the most commonly used test based on autocorrelation is the Portmanteau test proposed by Box and Pierce (1970) and Ljung and Box (1978) . However, the BoxñPierceñLjung test has no power against nonlinear dependencies with zero autocorrelation. Well known examples include autoregressive conditional heteroscedastic (ARCH), bilinear and nonlinear moving-average processes. This classical tests only check for a Öxed number of lags, which may not be able to capture the dependence from all past history. Moreover, given the unknown parameter  0 , we need to construct a p T -consistent estimator for testing for the null (3.1). However, it is well established that, in general, estimation of unknown parameters gives rise to loss of the ìnuisance parameter-freeî property in the null limit distribution of statistical tests, see, e.g., Durbin (1973) . To overcome these problems, while permitting for all lags in the sample, we consider a multivariate generalized spectral approach, which is an extension of the generalized spectrum method proposed by Hong (1999) and Hong and Lee (2003) . Compared with the existing tests in the literature, our test has some advantages: Örst, with the frequency domain approach, we can check a growing number of lags as the sample size increases; second, our test has a standard normal limiting distribution and the estimation uncertainty has no impact asymptotically.
Our proposal for testing the iid property of the Wold innovations is to check all the pairwise dependence implied by (3.2), based upon the generalized dependence measure of Hong (1999):
where ' jjj (x; y) is the joint characteristic function of (u t ; u tjjj ), (x; y) 2 R 2d and ' (x) is the marginal characteristic function. The measure  j (x; y) can be interpreted as a generalization of the conventional autocovariances to capture the pairwise dependence in a nonlinear time series framework. Employing the generalized dependence measure, our null hypothesis leads to
Evidently, the generalized covariance function  j (x; y) = 0 for all (x; y) 2 R 2d if and only if u t and u tjjj are independent. The basic idea of the generalized spectrum is to consider the spectrum of the transformed series fe ix 0 ut() g; where i = p 1, x 2 R d . The generalized spectral density is deÖned as the Fourier transform of the covariance functions  j (x; y):
where  2 [; ] is the frequency. Note that the function f (; x; y) can capture any type of pairwise serial dependence in fu t g, i.e., dependence between u t and u tjjj for any nonzero lag j. This is analogous to the higher order spectra (Brillinger and Rosenblatt, 1967a,b) in the sense that f (; x; y) can capture the serial dependence in higher order moments. However, unlike the higher order spectra, f (; x; y) does not require the existence of any moment of fu t g.
In the current context, u t is unobservable and has to be estimated. Assume we have T observations fx t g T t=1 of a process satisfying (2.1). Given a p T -consistent estimator b , e.g. a conditional least squares estimator or a quasi-maximum likelihood estimator, we can compute
involve an inÖnite number of lags and may not be feasible. Thus, we may need to assume some initial values in computing u t ( b ) and we letû t û t ( b ) denote the (approximated) residuals based on the observed information set f x 0 ; x 1 ; :::; x T g; which contains some initial value  x 0  (x 0 ; :::; x 1p ; u 0 ; :::; u 1q ): We provide a condition (see Assumption A.3 in Section 4) to ensure that the use of initial values has no impact on the asymptotic distribution of the proposed test statistic.
With the estimated residuals fû t g; we can estimate f (; x; y) by the following smoothed kernel estimator:
t+iy 0û tjjj ; h = h(T ) is a bandwidth, and k : R ! [1; 1] is a symmetric kernel. Examples of k() include Bartlett, Daniell, Parzen and Quadratic spectral kernels (e.g., Priestley (1981) , p.442). The factor (1  jjj=T ) 1=2 is a Önite-sample correction and could be replaced by unity. Under certain conditions,f (; x; y) is consistent for f (; x; y). The lag order h is a smoothing parameter and we will consider a data-driven choice of h and conduct sensitivity check on the impact of the choice of h in our simulation and empirical study. Under H 0 , we have  j (x; y) = 0 for all (x; y) 2 R 2d and all j 6 = 0. Consequently, the generalized spectrum f (; x; y) becomes a ìáat spectrumî as a function of frequency :
which can be consistently estimated bŷ
The estimatorsf (; x; y) andf 0 (; x; y) converge to the same limit under H 0 and generally converge to di §erent limits under H A . Thus, any signiÖcant divergence between them amounts to evidence of the violation of the iid property, and hence, of the non-invertibility of the process. We can measure the distance betweenf (; x; y) andf 0 (; x; y) by the quadratic form:
where the second equality follows by Parsevalís identity and
+ a nondecreasing weighting function that weighs sets symmetric about the origin equally.
Examples of W 0 () include the cumulative distribution function (CDF) of any symmetric probability distribution, either discrete or continuous. The proposed test statistic for the invertibility hypothesis is an appropriately standardized version ofL,Q
and T j = T  j: Throughout, all unspeciÖed integrals are taken on the support of W (). The factorsĈ(h) andD(h) are approximately the mean and the variance of the quadratic formL. Note thatQ(h) involves d and 2d-dimensional numerical integrations, which can be computationally cumbersome when d is large. In practice, one can use Monte Carlo simulation to approximate the integrals over x and y. This can be obtained by using a large number of random draws from the distribution W () and then computing the sample average as an approximation to the related integral. Such an approximation will be arbitrarily accurate provided the number of random draws is su¢ciently large. Alternatively, we can use a nondecreasing step function W (): This avoids numerical integration or Monte Carlo simulation, but the power of the test may be a §ected. Nevertheless, for some choices of W there is a closed form expression for the test statistic. For instance, if W () is chosen as the ddimensional Gaussian CDF, we can obtain the following closed form
; and
Asymptotic properties
To derive the null asymptotic distribution of the testQ(h); we impose the following regularity conditions.
Assumption A.2:
The estimator is such that
Assumption A.3: Let  x 0 = (x 0 ; :::; x 1p ; u 0 ; :::; u 1q ) be some assumed initial values. Then E k x 0 k 2 < 1:
is a symmetric function that is continuous at zero and all points in R except for a Önite number of points.
as jzj ! 1: An important feature ofQ (h) is that the use of the estimated errors {û t g in place of the unobservable fu t g has no impact on the limiting distribution ofQ (h) : One can proceed as if the true parameter value  0 were known and equal to: Intuitively, the parametric estimator  converges to  0 faster than the nonparametric estimatorf (; x; y) converges to f (; x; y) as T ! 1: Consequently, the limiting distribution ofQ(h) is solely determined byf (; x; y) ; and replacing  0 by has no impact asymptotically. This delivers a convenient procedure, because any p T -consistent estimator can be used. Next, we establish the consistency ofQ(h) for a large class of alternatives (i.e., non-invertible processes) under a weak dependence condition as follows.
Assumption A.6:
Theorem 3: Suppose Assumptions A.1 A.6 hold, and h = cT  for 0 <  < 1; where 0 < c < 1: Then as T ! 1;
where
Following a reasoning analogous to Bierens (1982) and Stinchcombe and White (1998), we have that for j > 0;  j (x; y) = 0 for all x; y 2 R d if and only if u t and u tj are pairwise independent: Thus, the generalized covariance function  j (x; y) can capture various departures from the invertibility. Suppose u t and u tj are not independent at some lag j > 0: However, notice that the hypothesis in (3.2) that the Wold innovations are jointly iid is not the same as the hypothesis that u t and u tjjj are independent for all j 6 = 0. That is, pairwise independence does not necessarily implies joint independence. The latter implies the former but not vice versa. Hence, our test will not be consistent against all alternatives. This is the price we need to pay to deal with the di¢culty of the so-called ìcurse of dimensionalityî problem. Nevertheless, the examples where u t and u tjjj are independent for all j 6 = 0 but fu t g is not iid may be rare in practice.
5 Monte Carlo evidence and empirical application
Simulation study
We conduct a simulation study to assess the Önite-sample performance of our proposed nonparametric test. To investigate the size and power ofQ(h), we consider MA (or VAR) processes with non-Gaussian errors as follows:
1. Univariate, invertible MA(1) process with iid studentís t-distributions with 3 degrees of freedom (DGP1 )
2. Bivariate VAR(8) process with iid studentís t-distributions with 3 degrees of freedom (DGP2 )
where  i ís are (22) matrices whose elements are the least squares estimates for Blanchard and Quahís (1989) VAR(8) model.
3. Univariate, non-invertible MA(1) process with iid studentís t-distributions with 3 degrees of freedom (DGP3 )
To calculate the test statisticQ(h), we obtain the residual series fû t g from the estimation of the models considered. The MA models (5.1) and (5. 9:2 5:6 2:6 10:7 7:3 4:3 10:2 7:2 2:9 * h, the preliminary lag order used in a plug-in method to select a data-driven lag order b h 0 ; The number of iteration is 1000.
To select a proper h for computingQ(h), we employ a data-driven lag orderĥ 0 . Following Hong and Lee (2003), we use the plug-in-bandwidth, which involves the choice of a preliminary bandwidth h. To investigate the sensitivity of the choice of preliminary bandwidth h on the size and power ofQ(ĥ 0 ), we consider h 2 f10; 11;    ; 40g. For our simulation study, we consider three sample sizes: T = 100; 250 and 500, and the number of iterations is 1000. Table 1 reports the empirical rejections probabilities ofQ(ĥ 0 ) under DGP1 at the 10%, 5% and 1% levels for the sample size T = 100; 250 and 500. Overall, the size of the testQ(ĥ 0 ) under the null of invertibility is appropriate. The level ofQ(ĥ 0 ) is robust to the choice of kernel k() and preliminary bandwidth h.Q(ĥ 0 ) displays some overrejection under the null, but not excessively. Furthermore, Table 2 shows that the robustness of our test in size remains intact in the bivariate setting under DGP2. Table 3 reports the empirical power ofQ( b h 0 ) against the non-invertible MA (DGP3 ) at the 10%, 5% and 1% levels. Overall, b Q(h) is powerful against DGP3. The power of b Q(h) is robust to the choice of kernel k() and bandwidth parameter h. Hence, our simulation results show that the size and power of our test are fairly satisfactory.
Application: Identifying government spending shocks
As an empirical application we apply our invertibility test to the identiÖcation of government spending shocks. The dynamic e §ects of government spending on key macro variables such as consumption and real wages have been of interests to academic researchers and policymakers 
T = 250 T = 500 h 10% 5% 1% 10% 5% 1% 10% 5% 1% A.Bartlett 9 80:9 * h, the preliminary lag order used in a plug-in method to select a data-driven lag order b h 0 ; The number of iteration is 1000.
because the success of recent Öscal stimulus packages to boost the economy may be highly dependent upon whether government spending boosts private consumption, investment, and so forth.
Among prevailing VAR methods in the literature to address this issue, a ìso-calledî narrative approach developed by Ramey and Shapiro (1998) exploits exogenous ìwar datesî to identify government spending shocks, concluding that consumption and real wages fall after a positive spending shock hits the economy, which supports a neoclassical view of the government spending e §ect. See, e.g., Edelberg et al. (1999) , Burnside et al. (2004) , Ramey (2011) .
In contrast, a statistical innovation-based approach proposed by Blanchard and Perotti (2002) has been more standard in the related literature, yielding to the opposite conclusion to the narrative approach that consumption and real wages tend to rise after the shock, which is consistent with new Keynesiansí economic models. See, e.g., Perotti (2005 Perotti ( , 2008 To reconcile these di §erent identiÖcation strategies, Ramey (2011) argues that the presence of Öscal foresight gives rise to a mistiming of the news in the statistical innovation-based VAR approach, suggesting the use of a defense news variable as a proxy for the expected discounted value of government spending changes in order to improve the Ramey-Shapiro approach. 6 However, motivated by some intrinsic shortcomings -the small number of observations, subjective selection of the shock episodes, etc. -of the narrative approach, Fisher and Peters (2010) suggest to exploit accumulated excess stock returns of top 3 military contractors to identify government spending shocks, arguing that their approach has advantages over the narrative as well as the innovation approaches. See Fisher and Peters (2010) for the details.
Model speciÖcation
In this context, we apply our proposed test to small-scale, Öscal VARs to assess the aforementioned alternative identiÖcation strategies: (i) the innovation-based approach of Blanchard and Perotti (2002) , (ii) the narrative approach of Ramey (2011), and (iii) the identiÖcation approach of Fisher and Peters (2010) using excess stock returns. To this end, we suppose an economy can be represented by a vector moving average (VMA) model
where x t includes government spending, GDP, consumption, and possibly augmented by an expectational variable, and (L) := P 1 j=0  j L j is a VMA polynomial in the lag operator, and " t is a vector of structural disturbances.
By imposing invertibility, we can construct a VAR model
is a VAR polynomial. Then by applying a standard
Choleski decomposition in which government spending is Örstly ordered, as in GalÌ et al. (2007) and Ramey (2011), we can recover the shocks f" t g from the reduced-form residuals or the Wold innovationsû
0 is the least squares estimator obtained from the VAR model with a linear time trend and p lags allowed.
We construct three sets of vectors x t according to the di §erent identiÖcation schemes considered. For the innovation-based approach, we include the logs of quarterly real per capita government spending (g t ), GDP (y t ), and nondurable plus services consumption (c t ), in a vector of endogenous variables, denoted by x
0 . Furthermore, we augment x G t with the defense news variable (news t ) when using the Rameyís (2011) narrative approach (i.e., x
0 ), and with the accumulated excess returns series of large US military contractors (return t ) when using the Fisher and Petersí (2010) identiÖcation approach (i.e., x
For the VAR estimation, we use US quarterly data for the post-Korean War period, spanning from the third quarter of 1957 to the fourth quarter of 2008. 7 For the data source, except for the excess returns series, the dataset used is available on Valerie Rameyís website. 8 For the choice of lag order p, given the data we implement a speciÖcation test for VAR proposed by Escanciano et al. (2012) which features the automatic selection of the order of the residual serial correlation tested. Table 4 reports p-values for the speciÖcation test for the three approaches, suggesting that we do not reject the null of no serial correlations in the VAR disturbances at conventional levels when the number of lags in the VAR are 3, 5, and 7. Hence, we select the lag order as p = 5 as the length appears large enough to appropriately capture the dynamics in the data regardless of the speciÖcations considered. 7 For the sample period selection, we use the post-Korean War data since it has been reported in the literature that the sign of the response of consumption under the narrative approach seems sensitive to the inclusion of the Korean War period. See, e.g., Perotti (2008) , Fisher and Peters (2010) . 8 The accumulated Top 3 excess returns series were kindly provided by Jonas Fisher. 9 We Önd that with the alternative selection of p = 3, or 7, the subsequent empirical results in this section qualitatively do not vary. 
Testing for Gaussianity
Since our results heavily rely on the non-Gaussianity of innovations, we Örst provide empirical evidence of it in the context of our application. As a simple diagnosis check for Gaussianity, in Figure 1 we report the Quantile-Quantile (QQ) plots for the residualsû t obtaining from x R t , which suggest the presence of non-Gaussianity, particularly in GDP and consumption variables. 10 To formally test for Gaussianity we consider a nonparametric test based on the discrepancy between nonparametric and parametric estimates of the innovationís characteristic function
and' (x) = e 0:5x 0 ux with u the residual variance matrix. Unlike b Q; b G has a limiting distribution under the null that depends on nuisance parameters. To approximate this distribution we follow a parametric bootstrap procedure. From the estimated parameters we obtain bootstrap observations under Gaussianity. Then, we estimate in each bootstrap sample the parameters, obtain bootstrap residualsû  t and obtain bootstrap realizations of b G. The critical value can be estimated by the empirical bootstrap critical value of bootstrap realizations of b G. The proposed test can be considered as a variant of multivariate extensions of Epps and Pulley (1983) .
To compute the test statistic, the selection of the standard normal distribution as W () 10 The p-values for Jarque-Bera tests with the null of Gaussianity for returns, government spending, GDP, and consumption are reported as 0:027, 0:291, 0:005, and 0:002, respectively. When replacing the excess returns with defense news variable, we Önd that the p-value for defense news is fairly close to zero. To save the space, we do not report QQ plots for the residuals obtaining from x D t . allows us to exploit a closed form expression of b G as Table 5 provides the bootstrap p-values with 5000 replications for Gaussianity of the VAR residuals, suggesting that at the 5% level we can reject the null of Gaussianity across all the speciÖcations considered. Hence, with non-Gaussianity of the Öscal VAR innovations, we can proceed to implement our proposed test for fundamentalness.
Testing for fundamentalness
Now we apply our test to the Wold innovations (5.6) in order to empirically evaluate the validity of the invertibility assumption in the VMA (5.4) and hence subsequent inferences from Öscal VARs in the literature. Table 6 reports the p-values for the null of invertibility in the VMA model (5.4) under the alternative Öscal VAR identiÖcations. We observe that our tests reject the null at the 5% level for the case where the defense news variable is augmented to reáect the anticipation e §ects of government spending shocks as well as the case where the innovationbased approach is employed for identiÖcation. In striking contrast, our test fails to reject the null when the excess stock returns variable is augmented. Overall, our testing results are robust to the choice of kernel as well as preliminary bandwidth h.
The rejection of the null using the Wold innovations from a VAR with x G t or x D t implies that the associated VMA speciÖcation is non-fundamental. Furthermore, our test results strongly suggest that adding the excess stock returns series rather than the defense news may be of much help to avoid the non-fundamentalness problem in identifying government spending shocks, lending some support to Fisher and Peters (2010) , which pointed out that using surprises in the stock returns of military contractors can avoid the nontrivial shortcomings of Rameyís narrative approach: the small number of observations, rather subjective construction of the defense news variable and the underlying assumption that the government spending is known with certainty. Furthermore, as our test rejects the null of invertibility in the VMA model (5.4) when either x G t or x D t is included, the associated VAR-based impulse response functions are highly likely to be unreliable due to the presence of non-fundamentalness problem. In this sense, our proposed test for fundamentalness can be a useful toolkit to guide as to whether adding particular fractions of information to a VAR system which potentially su §ers from the non-invertibility would mitigate the bias. Figure 2 plots the impulse response functions of government spending, output, and consumption to Öscal shocks to compare the excess stock returns based identiÖcation with the structural identiÖcation approach. Following the related literature, we also provide 68% bootstrap standard error bands. 11 The Ögures in the left column show that in response to government spending shocks the innovation-based identiÖcation method gives rise to persistent increases in output as well as private consumption, from which one may conclude that an increase in government spending might be somewhat helpful to stimulate the economy. However, recalling our testing result for fundamentalness, given the data and variables selected the innovation based approach using Blanchard and Perotti (2002) appears to su §er from the problem of non-fundamentalness, and hence one should bear in mind that the resulting impulse responses may be unreliable. In contrast, the Ögures in the right column show that using the excess returns based-approach, in which the null of fundamentalness is not rejected, yields that in response to a positive Öscal shock identiÖed from large military contractorsí excess returns, government spending rises in a humped shape whereas output decreases after immediate boosts for two quarters or so. The conÖdence bands indicate that the estimation precision has much to improve partly because our models include only a minimal number of variables to capture the dynamics. The negative or no impact on output could be explained by the neoclassical model in which government spending crowds out private consumption. Indeed, the bottom panel of the right column shows that given the Öscal shock private consumption persistently decreases, partly attributing to the unresponsiveness of output to the Öscal shock. Hence it follows from the impulse responses from the excess returns based approach as well as the testing results for fundamentalness that we cannot conclude that an exogenous increase in government spending boosted the economy in the post-war period. As Sims (2012) pointed out, the problem of non-fundamentalness is not a binary -ìeither/orî -proposition, and hence, as a caveat one should interpret our particular application with much care before reaching a Önal conclusion to support or reject speciÖc economic models to identify government spending shocks. To avoid potential problems with a large number of variables in our proposed test, we restricted our examples to small-scaled VAR systems with three or four variables, but one may argue that they still may be too small to capture intrinsic dynamics.
As illustrated in this application, our new test of fundamentalness can be widely used to diagnose a variety of structural VAR models based on di §erent identiÖcation strategies. It can be also indirectly used to identify useful information for identiÖcation and correct interpretation of estimated dynamic responses between macroeconomic variables.
Conclusions
This paper provides a simple empirical tool for the evaluation of the conventional and key invertibility or fundamentalness assumption in macroeconomic models following non-Gaussian linear representations. We convert the invertibility testing problem into one of testing serial independence of the Wold innovations. To test the iid property of the Wold innovations, we employ a nonparametric smoothing method based on a multivariate extension of Hongís (1999) generalized spectral density. Our proposed test has a convenient asymptotic N (0; 1) distribution under invertibility and the estimation uncertainty has no impact on the limiting distribution. Our Monte Carlo study exhibits a satisfactory Önite-sample performance of our proposed test. Furthermore, our application to the identiÖcation of government spending shocks illustrates potential contributions of the new simple test to a variety of empirical problems which are yet to be answered.
Given the recognition of the non-fundamentalness in the data, i.e., when the null is rejected, all the inferences made with structural VARs would be no longer reliable. As alternatives to structural VARs, Fern·ndez-Villaverde et al. (2007) echo Hansen and Sargentís (1980) recommendation that a full DSGE model could be estimated with a likelihood function-based approach, assuming correct model speciÖcation, and Forni et al. (2009) suggest using large dimensional dynamic factor models. Recent advances in the statistical literature suggest that identiÖcation and estimation of univariate non-invertible ARMA models is possible. The extension to the multivariate case is of paramount importance for econometric applications. The present paper can be considered as a Örst attempt to solve the identiÖcation problem, but further research on identiÖcation and estimation is guaranteed.
MATHEMATICAL APPENDIX
Throughout the appendix, we letQ (h) be deÖned in the same way asQ(h) in (3.9) withû t replaced by u t . Also, C denotes a generic bounded constant that may di §er from place to place:
Proof of Theorem 1: It is clear that if fx t g is invertible fu t g  f" t g are independent.
We prove the reciprocal, if fx t g is non-invertible then fu t g are dependent. The proof in the univariate case d = 1 follows from Breidt and Davis (1992) , and we shall show that under Assumption A.1 the multivariate case can be reduced to the univariate case. Write
where A fe u t g is a non-zero measurable transformation of fu t g: Furthermore, from well-known properties of determinants e u t = det(A(L))" t1 :
Now, Theorem 3 in Lippi and Reichlin (1994) implies that for some non-zero constant C
where   (L) contains the non-invertible roots of det (z) = 0; i.e.,
and  f (L) is the áipped-root polynomial deÖned as
with s 2 [0; dq) is the number of the invertible roots of det (z) = 0: Then, by Breidt and Davis (1992) fe u t g; and hence fu t g, is serially dependent. We now prove that when there is only one root of the equation det (z) = 0 inside the unit circle, say jb dq j < 1; then Assumption A.1 is not needed for the result to hold. By the proof of Theorem 1 in Lippi and Reichlin (1994) we have that
where K is an orthogonal matrix and
Then, if f" t g is iid, e " t := K" t is also iid, and the serial dependence of fu t1 g follows again from the results in Breidt and Davis (1992) applied to
where e " t1 is the Örst component of e " t . ; whereC (h) andD (h) are deÖned in the same way asĈ (h) andD (h) in (3.9), withû t replaced by u t : For space, we focus on the proof of (A1); the proofs forĈ (h) C (h) = O P (T Lemma A.1:
Proof of
Lemma A.2:
Lemma A.3:
Lemma A.4: P T 1 j=1 k 2 (j=h)T j R jB 4j (x; y)j 2 dW (x)dW (y) = O P (h=T ):
Lemma A.5: P T 1 j=1 k 2 (j=h)T j R jB 5j (x; y)j 2 dW (x)dW (y) = O P (1):
Lemma A.6: P T 1 j=1 k 2 (j=h)T j R jB 6j (x; y)j 2 dW (x)dW (y) = O P (h=T ):
Proof of Lemma A.1: By the Cauchy-Schwarz inequality, we have
It follows that
